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From the eigenvalue equation H\\ipn(\))  = En(X)\xpn(\))  where H\  = Ho + XV one can derive 
an autonomous system of first order ordinary differential equations for the eigenvalues En(A) and 
the matrix elements K „ n(A) := (t/>„,(A)| V'lV'ntA)) where A is the independent variable. We derive 
the partial differential equations for the extended case H \ u\ 2 = Ho + Ai V\ + X2V2, where Ai and 
A2 are the independent variables. Some applications of this system of partial differential equations 
are discussed.
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Several authors [ 1 - 7 ]  showed that starting from 
the eigenvalue equation -fif* |^n(A)) = E n(X)\ipn(X)) 
with H \  =  H 0 +  X V  one can derive an autonomous 
system o f first order differential equations for the 
eigenvalues E n(X) and the matrix elements Knn(A), 
where A is the independent variable. To solve the dy­
namical system  w e need the initial values E n(X = 0) 
and lipniX = 0)). Thus one finds the “motion” o f the 
energy levels E n(X). The evolution o f the eigenvec­
tors iV’n(A)) can also be derived. The assumptions are 
that the Hamilton operator has a discrete spectrum and 
that the eigenvalues are not degenerate. Furthermore, 
the eigenfunctions are real orthogonal and form a ba­
sis in the underlying Hilbert space. It is also assumed 
that the expansion does not diverge. The eigenvalues 
and eigenfunctions o f  the operator H q are known. 
Degeneracies o f eigenvalues are in general related to 
symmetries o f  the Hamilton operator. If the Hamil­
ton operator admits discrete symmetries the Hilbert 
space can be decom posed into invariant subspaces. 
These invariant subspaces are again Hilbert spaces, 
and the system  o f  differential equations can be ap­
plied to these subspaces.

In many system s we have two or more external 
parameters. We consider the case with two external 
parameters. We derive the partial differential equa­
tions for this system . The assumptions given above 
also apply for this case. Thus the Hamilton operator 
is o f the form

H X l M = H 0 + X ,V l + X 2V2 .

Let A = (A i, A2). We define

Pkn(X) := (^ n (A )|t4 |^ n(A))

and

Vkmn(X) .— ( /̂,m(-^)|^/fc |^n(A)) 5 ^

where k = 1 ,2 . We use the orthogonality relation 

(< M  A)|^n(A)) =  6 mn 

and the com pleteness relation

1 = £ h M A » ( l M A ) | .
n £ /

From the orthogonality relation w e find

/ d( ' ipm ( X) \  A M ^ n ( A ) )  n
( --^ ----IV'n(A)) + (VVn(A)| — —----  = 0 .

3Ai dXi

U sing these properties, we obtain the follow ing sys 
tem o f partial differential equations

^ E n dpkn  \  Vj nm vk mn ~ Vknmv3
= Pkn, —  = 2 ^

jm n

rMJn) En Er

( VjmlVkln Vjin Vkrni 
E m — Ei E n — Ei

^ VjmniPk -  Pkn)
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where k =  1 ,2  and j  = 1 ,2 . This system o f  partial 
differential equations has to be solved with the initial 
conditions

E n{\i = 0, A2 = 0), Pfcn(A 1 = 0, A2 = 0), 

V/cmn(A 1 = 0, A2 = 0).

Thus the eigenvalues and eigenvectors o f  H q must 
be known. Using the eigenvectors, we calculate p kn 
(Ai = 0 , A2 = 0) and Vfcmn(Ai = 0 , A2 = 0 ). As 
mentioned above, w e have to do group theoretical 
reduction to the invariant subspaces and then apply 
the equations to the subspaces.

The extension to n  external parameters is straight­
forward. For two and more external parameters we 
must take into account the theorem of W igner and 
von Neumann [8] that was discovered in the very 
earliest days o f  quantum mechanics almost 70 years 
ago. The theorem says that, among all self-adjoint 
matrices, those with a degenerate eigenvalue have co­
dimension three. W hen there is time-reversal invari­
ance, as in the present case, one should be looking 
at real symmetric matrices, in which case the corre­
sponding theorem says that they have co-dimension  
two. This is usually interpreted as saying that it re­
quires at least two external parameters before one can 
expect any kind o f eigenvalue crossing, unless there 
is som e symmetry reason that prevents the crossings 
being avoided, as the parameter is varied. This fact 
must be taken into account when we solve the system  
of partial differential equations given above.

An analytic solution can be found with the help of 
the ansatz (power series)

OO

E n(
i,j= 0 

00

P t n W  =  E  P ^ A jA j.  
i,j=0

We find in second order o f approximation

E „ (A,, A2) a  E n(0,0) + E?0A, + ESiA2 + £ 2"0A?

+ £ r ,A ,A 2 +  £ £ 2A i

where

- P ln (0 ,0 ) ,  E 0l -  P2n(0, 0)

and

e o2 -  r .
m(=/n)

£ n=  E

^lm n(0; 0)yim n(0, 0) 
£ n( 0 , 0 ) - £ m( 0 , 0 ) ’

V 2 m n (0 ,  0 ) ^ 2 m n ( 0 ,  0 )  

£ n( 0 , 0 ) - £ m( 0 , 0 ) ’

2Vlmn(0, 0)V2mn(0, 0) 
£ n( 0 , 0 ) - £ m (0 ,0 )m(=/n)

Let us give some examples where we can apply this 
system o f differential equations. The Hubbard model 
is given by

H  = C* W  + u  5 Z  n *Tn U
i , j  g i

with the two parameters t and U,  where i, j  are lattice 
points and c\a and cia are Fermi creation and annihi­
lation operators with spin a.  We could scale H  with 
respect to t or U.  This would lead to the case with 
one parameter. If we would consider the case with an 
external magnetic field

i , j  cr i

+ ( c!tc<t - c* W )  >
i

we would have two parameters again. Another exam ­
ple is the spin system

H  = a cr3jCT3j+1 + b ^ 2  a b -
i j

Finally, systems with an external electric and m ag­
netic field could be studied with this system  o f partial 
differential equations, for example [7]

h2 d2
H  = ~ 2 9 d ^ + i l i n ~  ~ p £ c o s ( ( p )  ■

_d_

d ^
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